Ternary mixtures of mesomorphic polymers
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The theory of ternary mixtures of mesomorphic semi-rigid polymers is reviewed. Polymer chains are
modelled as elastic lines (with bend curvature) and a density functional method is used to construct a
general expression for free energy of mixing which includes terms representing the entropy of mixing, the
entropy of chain configuration and the mean field through pairwise interaction potentials. Expressions for
the chemical potentials are derived and numerical methods used to compute phase diagrams for a specific
mixture, the mesomorphic semi-rigid polymer!/solvent2/solvent3 system.
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INTRODUCTION

Over the last 20 years, many studies, both theoretical
and experimental, have been made of polymers. The
studies had two main interests: blends'~> and meso-
morphic liquid crystal polymers*~®. One of their aims
was to design polymers with specific properties for
industrial applications.

Liquid crystal polymers exhibit different kinds of
mesomorphic phase (nematic, cholesteric and smectic
phases)’. We are interested here with those giving
nematic phases only. To study these polymers, we need
to model polymer chains. Several models have been used
previously: rods to model rigid chains®, rods connected
by flexible spacers, wormlike chains® to model semi-rigid
polymers, etc. For this study on phase diagrams of
semi-rigid liquid crystal polymers, we chose the elastic
line model.

Theoretical studies began as early as the 1940s on rigid
rod polymers. Onsager*® developed a virial equation
explaining the occurrence of phase separation between
an isotropic and an anisotropic phase in a system of rigid
rods in a solvent. Flory and Huggins independently used
the lattice model to study polymer chains and their
studies gave rise to the well known Flory—Huggins
thermodynamic equations!!-!?, Using such equations,
Flory has shown that a phase transition can occur in
systems consisting of rigid rods or semi-flexible chains®
in a solvent. Flory and co-workers!*~'? applied this
theory to multicomponent systems, to chains with some
flexibility and to systems with a mass distribution
(polydisperse). In this approach, at first only a repulsive
interaction between particles was used. Attractive terms
were introduced more recently.

Authors such as Khoklov, Semenov and Odijk?%2!
have used the Onsager theory to study lyotropic systems
with different mechanisms of flexibility. This is related to
the fact that real polymer chains are in general semi-rigid
rather than rigid.

Recently, a density functional method was used to
study thermodynamic properties of a space curve in
which only positional degrees of freedom were taken into
account??,
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In the present authors’ laboratory, the functional
method has been used to study the same thermodynamic
properties as earlier, but orientational interactions were
also taken into account. This resulted in a general
expression for the free energy of mixing, which was used
to study lyotropic liquid crystal polymers?3~2¢, mixtures
of a liquid crystal polymer and a non-mesomorphic
polymer and mixtures of two liquid crystal polymers?°.

In this paper, we extend these studies to ternary
mixtures. The model used is summarized and the free
energy of mixing is calculated for a general three-
component mixture. The chemical potentials and equa-
tions which must be resolved numerically to obtain phase
diagrams are derived. An example is given of a phase
diagram for a specific ternary system (polymer—solvent—
solvent).

CHAIN MODEL

We describe a semi-rigid polymer as an elastic curve with
bend elastic constant k and length L. We define the
position and orientation at contour length 0, s and L
from the origin of the chain by (+', w), (r, w) and (", w"),
respectively, with w=dr/ds and |w| = 1. The associated
elastic energy of a chain is®*

1 [L/ow\?
2 Jo \0s

Saito et al.?” used such a model to calculate some
configurational properties (such as ¢(R*» and (R*)) and
obtained for the quadratic mean square end to end
distance (R?) the expression

(R?) =2(fr)L{1 — (Bx)/L[1 —exp(—L/Bx)1} (1)
which is the same as the wormlike chain expression® with
persistence length g = fx (8~ ! =kyT, where kg is the
Boltzmann constant).

FREE ENERGY OF MIXING

All the developments below are a generalization to
ternary mixtures of calculations given previously for
binary mixtures?3—26,
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A general expression for the partition function of a
ternary semi-rigid polymer mixture is

AL Nx
zZ= [H J‘} fﬂ [T ors)Pclrx(s)] exp{ — BV [rx(s)]}

K Ng! K j=1
(2)

The first term on the right-hand side gives the kinetic
energy contribution to the partition function, where K
denotes the polymer species. Integration is over all space
curves r¢(s). The products are over all monomers (j) and
polymer species (K). For a given component K,

- Lk A2 2
w3 2]
B 0 78

represents the conﬁguratlonal probability for an indi-
vidual part1ele Ny is the number of monomers and
N = N¢/Lg is the number of chains, where Ly is the
degree of polymerization (DP).

The interaction between different chains, V {rg(s)}, is
given by

1 Ly Ly
V[FK(S)] = i Z J‘ dS J dS’Vaa’[ra(S) - ra’(s/)]
a,a’ v O 0
4! j "ds J sV [ru(s) — ruls)]
2 b.b' VO 0

1 Le L
+ - J‘ dS J dS,Vcc’[rc(s) - rc’(s/)]
+ JL‘ ds J“ A5V, [1.(5) — ro(s)]
a,b
L, L.
+ J ds J ds'V, [r,(s) — re(s)]

Ly Le
+ J ds J ds'Vie[ro(s) —re(s7]  (3)
b,c J 0O

0

which is the sum of interactions between chains of the
same nature (intrapolymer interaction) and interactions
between chains of different species (interpolymer inter-
action). These interactions are position and orientation
dependent We consider only two-body interactions.
V- is the density of the 1nteract10n between K and K.
After Hong and Noolandi** we introduce the micro-
scopic density of particles at point r with orientation w:

Nx Lk
piron= 3 [ asotr—riop e w10

K=14J0
with w(s) = dr(s)/?s the orientation of the space curve at

point s, |[w(s)| = 1. We rewrite the exponential in equation
(2) as follows:

expl — BV ()]} = Jl_[ Px H
X o(px — pxlr, w) eXp{ BW [r(s ]} (5)
Wirg(s), = _ Y Jdrdr’dwdw’

X pK(r9 w)WKK’(r’ Wr/, w,)pK(r/a W’) (6)

Using the integral representation of the Dirac function,

we have??

opx — Pxlr.w)) =u J\éuK

x exp{ jd" dw ug (r, w)Lpx — P, W)]} (7

where « is the normalizing factor. Then

e =y Jn 3py Sug
K

x GXP{Z Jdr dw ug(r, w)lpx — Pilr, w)] — [)’W} ®)

K
Using these equations, we rewrite the partition function
of equation (2) as

ZAVK ~
Z= oz(ﬂ f') Jn 0Pk Oy l—[ Q‘]’z“

K
X exp|:z Jdrdw (¥, w)pg(r, w)} exp(—pW) (9)
K

where

Ly
Ok = Jéréw Py (r, w)expli—f ds ug(r, w):l (10)

0

represents the configuration of a given component, with

LK N 2
Py(r,w)= exp[ —E; Jl ds<(‘/:w> il(i{w — w(s)}
0 s

for a semi-rigid polymer chain. py and uy are here
independent variables representing, respectively, the
particle density and the mean field.

The partition function can then be given by the
expression

=1Jn dpy duy exp(— BF { px. ux}) (11)
K
with Z{py, ug} representing the functional of the free

energy. Using the Stirling formula and neglecting the
kinetic energy contribution terms, we obtain

73 1 — NK( N‘E_ )_
BF { px. Uk} ZK:LK In L, 1 %’L n(Qk)

Zjdrdwp,( v, wiu (r, w) + W (12)
K

Minimizing this functional with respect to py and uy
leads to

oW
ug(r,w)=p -
0Pk
. (13)
plrw)= — 00«
W)=
: L Qy dug

We obtain, using equation (13), the following expression
for the density and mean field at equilibrium:

Ng Lx
oxlr,w)y= —-— dsdrdw Pc(r, w)

LxQx Jo
} (14a)

Lk N
X exp —[ J dsug(r, w)
0 _
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ug(r, w)=7, j dr'dw’ Wy i (r, ¥', w, w')pi.(¥', w') (14D)
<

which are coupled equations. By inserting equation (14)
into equation (13) we obtain the expression for the free
energy. The free energy of mixing is given by

905 = ] F(pec )~ T e ot i}
K K

with BF {pR, ud} the free energy for pure materials.

From now on, we are interested only in homogeneous
systems. To compute the free energy of mixing, we need
to make some hypotheses:

(1) The two-particle interaction can be expanded in
spherical harmonics (as was done by Nakagawa and
Akahane?®):

WK,K’(r’ r/a W, W/) = Z C(llllzmmlmz)
monsoms
XY%V_7>YWWW?w0
lr—r]

x Wy kAlr =7, 1) (15)

where Y,,(w') are spherical harmonics and
C(ll,l,mm,m,) are Clebsh—Gordon coefficients.

(2) The density distribution depends on the orientation
alone, so that py(r, w)=ng fx(w), where ny is the
number density of component K and fi(w) is the
orientational distribution function.

(3) The partial volume is the same for all species,
vg =v=V/Ng, and there is no volume change on
mixing.

We introduce the volume concentration of each
component as ¢ = Ng/Ng, with ¥ ¢, = 1. With these
assumptions, we have for the mean field potential
(equation (14b)) the expression

ux(w) = 3 {$x[Vix(0) + Vi (2)Sx P, (w)]} (16)
&

We use summation over even [ only (symmetry of the
nematic) and choose to limit the expansion to /=0, 2 to
take a Maier—Saupe type potential.

The interaction parameters of each component are
represented by

1
Vi) =~ f 2 dr Wi (1, 011)(
v

20+ 1)”2
T

(assuming the integrability of Wi (r, 0ll) and the order
parameters by

Sk = J'dwlpz(wl)fk'(wl)

The free energy of mixing per site for a ternary mixture
becomes

AF @,

® ®
AF=8""p="‘In®, + *In®,+—In®
B B v L 1ty 2ty 3

1 2 3

@, D, D,
——1n ——=In ——n
L, H#1 L 2 L F3

1 1 1
—5 Diu;,(2)S7 - 3 ®3u,(2)S3 — 2 D3u33(2)S3
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—D,0,u,,(2)8,5, — ©;P3u,5(2)8,S5;
— 0, 0;31,3(2)5,8; + @, P,y 5
+ @, @yx13 + O35 (17)

yvhere xxk = Ukk(0) —3[uxk (0) +ug . (0)] are the steric
interaction parameters, as in Flory-Huggins theory,
ukk: = BVxk:

Fx= jd”’ dw’ ?K(W, w', L)

is the orientational partition function and

’ _ _ Lk K aw 2
gx(w, W', L) = Jéw exp{ B L dg[5 <g>

+ Z q)K'VKK'(z)SK'PZ(W)]} (18)

gx(w, w', L) represents the probability of finding a chain
with orientations w(s = 0) and w'(s = L) and solves the
equations?®

%) 1
I:EL_K - 2}TK A, + ”(K’)Pz(”’):lyx(w, w', Ly)
=0d(Lg)o(w—w") (19)
wK)=p Z Ok Vkk(2)Sk:
K
where K, K’ =1, 2, 3. Note that the case ux.(2) =0 and
F« = Cte corresponds to the well known Flory-Huggins

model for a ternary mixture!?.
If ¢5 =0, then

(1-o)

@
BAF=—In® +
L

(1-9o)

2

()
In1—®)——1
n( ) Llnjl

1
In 7, —£(D2u11(2)Sf

—%u—mfwxaﬁ—¢u—®wuemﬁz

+ ®(1 — D)y, (20)

which is the general expression for the free energy of
mixing in the binary case*® and which can be compared
with that proposed by Brochard et al.3°.

PHASE DIAGRAMS

The phase diagrams are obtained through the calculation
of the chemical potentials of the different polymers in the
different phases. Instead of the chemical potentials, we
will use the following quantities:
OAF OAF
ui=p ur=p——
0¢, 0,
which are related to the chemical potential by
pP =Ly +u))  p=L(M+p3)  p$=Ls(IT)

We take as independent variables ¢, and ¢, (¢; =
1 — ¢, — ¢,) and obtain

I1=BAF — ¢1ﬂ(1) - d’z#g

#ozln(fh (i_i)_ln¢3_lnf1+ln/3
YLy \Ly Ly Ly Ly Ly
+ @2 (012 — X23) + (P35 — D)1 (21)



Ternary mixtures of mesomorphic polymers: B. Ainina et al.

L, L, L L, L
+ @1 (112 — X13) + (@3 — D223 (22)

= ]njls-lfifs d)lr_fb&_*_il—d)s

Ly Ly L, Ly L

o _In¢, ( 1> Ing, In g, IL;@

1 1
- ) uy 1(2)8%45% - E uzz(z)sgd’%

1
-, “33(2)S§¢§ —¢10,u;,(2)S;S,

— ¢193u3(2)8,S5 — P2P3u»3(2)S,S;

(P + PP 113+ Par2s) — Pi1daran (23)

The equalities of these quantities in the different phases
in equilibrium, together with the equilibrium value of the
order parameter (0AF/0Sx = 0), solve the problem and
require numerical calculation. Thus we can obtain
equations for the various types of biphasic equilibrium:
isotropic—isotropic biphase

w =M =T
where I = isotrope, K =1, 2; isotropic—nematic biphase
ue()=pg(N)  TI(1) =TI(N)
where N = nematic; nematic-nematic biphase
(N) =Ny TI(N) =IT'(N)

Similarly, we can look for the possible existence of
triphasic zones.

ILLUSTRATION OF THE THEORY

We focus our attention on a semi-rigid mesomorphic
polymer (length L,, persistence length g,) in a mixture
of two solvents. Orientational correlation between the
polymer and the solvents is not considered (1 = polymer;
2, 3 = solvents).
The expression for the free energy of mixing per site
becomes
BAF = % In ¢, +

1

1
D) d1uy 1 (2)ST+ d P14,

F g+ = n g,
2 L3

+ 1 P3x13+ D2P3123 (24)

To illustrate the phase diagrams, we start first with the
simplest case where the two solvents have the same
geometrical dimensions (L, = Ly =1). We take L, =2.5,
so the critical values of the isotropic interactions are
Y19e = 713. = 1.3 and y,;. = 2. We use, as usual®®

1 ,
Lije = 5 [Li '+ L2
The expressions for the g and [T become in this case
o_Ing, Injg,

=% + 920012~ 723)
ey L Ll 2112 23

1
“ln¢3+(¢3‘¢1)){13“<1_i> (25)

—Inds+ ¢ (12— 713) + (P —Pa)raz (26)
1 |
M=In¢;+ ¢1<1 _L1># 5 Piu; ()83

+ (D, + )P 1713+ Paxas)- - ¢, 0y112 (27)

In the following, we are interested only in the calculation
of biphasic areas. The equations for phase equilibrium
are (indicating one phase by a prime, )
| ;o
0 77771 El)l_l 773 ln r/yl
Ll ¢1 (t)% Ll (fl

+ (@5 — D) (X12 — 723)

uy=In¢,

+ [(d5 —d3) — (7 — &)t (28)
0—1n¢2 In ¢ +(P7 — )2 — 113)
2 b5

+ L5 — ¢3) — (92— ¢2)]12s (29)

O—mzyw¢ ¢n@—£)

1
5t {QSPHP) — (ST — ¢\ 221>

+@1Pax12 + (@) + PP ixis + Pax2s)
— (P, + )P 1113+ Paka3) (30)

These are three coupled equations which must be
calculated numerically to obtain phase diagrams. An-
other equation giving the order parameter (0AF/¢S = 0)
is required to achieve the resolution of the probiem.

Consider a trivial case where the two solvents are taken
to have the same characteristics, so that y,; =0, and to
have the same affinity with the polymer, so that y,, = 3.
We will call it the symmetrical case. The equations of
equilibrium become

o= " o N g — b, 1)
1 1 3 1 1
0=1n %2 1, % (32)
2 3

B 1
0—111;5 + (97 — (151)(1 #L>

3 1

1
L 12)[(P72ST) — (¢1S7)]
+ (97 ~ D113 (33)
As equation (32) implies that

(63 + ¢3)/ (b + d3) = ds/bs = (1 — ¢})/(1 —¢,)  (34)

we obtain two coupled equations which are the same as
those corresponding to a binary mixture of a polymer
(¢,) in a solvent (¢pg=1— ¢,): here the solvent is a
mixture of two solvents®®

This leads to the ternary phase diagrams shown in
Figure 1. Three slices are shown at reduced temperatures
T/T,=0.95, 0.85 and 0.80 (T, being the transition
temperature of the pure polymer, which is assumed to
be thermotropic). Monophasic areas (anisotropic (A) or
isotropic (1)) and biphasic areas (anisotropic—isotropic:
A/I, isotropic—isotropic: I/I) can be seen.

A cut of these ternary phase diagrams at a given

POLYMER, 1991, Volume 32, Number 8 1513



Ternary mixtures of mesomorphic polymers: B. Ainina et al.

Figure 1 Phase diagrams for a ternary mixture: mesomorphic
polymer1/solvent2/solvent3 (symmetrical case); L,/L,=L,/L; =225,
%12 =213 X23=0. The diagrams are given at three reduced
temperatures (a) T/T, =0.95; (b) 0.85; (c) 0.80. A, anisotropic phase;
I, isotropic phase; A/I, anisotropic—isotropic biphase; I/I, isotropic—
isotropic biphase

proportion of the two solvents leads to the binary-like
phase diagram given in Figure 2b (reduced temperature
as a function of polymer concentration). Every plane p
(see Figure 1) will lead to the same phase diagram, which
does not depend on the relative proportion of the two
solvents.

All these results are obvious. But now, consider what
happens if the situation is dissymmetrized a little by
taking solvent 3 to be a ‘good’ solvent for the polymer (we
choose ¥, ; = 0) and keeping all other conditions the same
as above. The results are given in Figure 3. The ternary
phase diagrams are not symmetrical, and the various
biphasic areas have decreased on the part of the diagram
where the proportion of solvent 3 is important (compare
Figure 1b and Figure 3b). This is what we may have
expected from physical considerations.

The order parameter S of the polymer in the aniso-
tropic phases (monophasic or biphasic) is given in Figure
4, where S is plotted against T/¢T,. This graph is the
same as that calculated for a thermotropic polymer with
L/q=2.5. This is due to the fact that we have not
considered any orientational correlation between the
polymer and the solvent, so that the effect of the solvent
is only to dilute the orientational interactions between
the monomers. For a given T/T, and a concentration ¢
in the polymer of the anisotropic phase under considera-
tion, Figure 4 gives the associated order parameter S.
We can see that, for ¢ =1 and T=T,, §=0.3430, the
predicted order parameter at the transition for a
monodisperse thermotropic polymer with L/g=2.5
(References 25 and 26).
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Figure 2 Phase diagrams for two binary mixtures: mesomorphic
polymer 1-solvent 2 or 3. Reduced temperature T/T, is shown as a
function of polymer concentration; L,/L,=L,/L;=2.5. (a) Solvent
3, 113 ="0; (b) solvent 2, y,, =1.2T,/T

CONCLUSIONS

We have presented a new theory for ternary mesomorphic
polymer mixtures. Complete treatment of the problem is
long and difficult and depends on many parameters
(length, interaction, rigidity, etc.) and variables (concen-
tration, temperature, etc.). An exhaustive study was
beyond the scope of this paper so our work was limited to:

(1) an extension to the ternary mixture of the avail-
able theories on thermotropic and binary mixture
developed previously in the present authors’ labora-
tory?5:26;

(2) the derivation of the equations of phase equilibria
for a ternary mesomorphic polymer mixture;

(3) the beginning of a numerical resolution of a particular
case (semi-rigid polymer in mixed solvents).

Starting from the ‘symmetrical’ case (a didactic one),
we have shown that the introduction of preferential
affinity of the polymer with one of the solvents dissym-
metrizes the ternary phase diagram and reduces the
various biphasic areas.
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3

Figure 3 Phase diagram for ternary mixture: mesomorphic polymer!/
solvent2/solvent3; L,/L,=L,/Ly=25 L,/q, =25, y,3=x,3=0.
(@) T/T,=0.90, x,,=1.33; (b) T/T,=0.85, x,, = 1.41; (¢) T/ T, = 0.80.
A, Calculated binodal points. ———, Lines joining points which give
concentrations of the phases at equilibrium

1
S
835 .
e
\\\‘\

\\‘

.,
3430*\
2565 | 3

T
0 o B‘\T

A 5 1 1

Figure 4 Order parameter for a polymer with L,/q,=2.5 as a
function of T/T,¢

Note that throughout the present study we have not
been interested in problems of stability of the free energy
or demixing, which together with the influence of the
various parameters and polydispersity, will be studied
later. In future studies, we will pay particular attention
to the possible existence of triphasic zones. We will also
consider some typical examples of particular interest for
comparison with experimental results.

The present theory deals with nematic mesomorphic
polymers, while experimental results’'—*% are often
concerned with cholesteric mesomorphic polymers (cellu-
lose derivatives for example). It will be necessary to solve
the cholesteric problem to achieve a complete treatment
for this kind of interesting and widespread mesophase.
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